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A New Design of Membership-Function-Dependent
Controller for T-S Fuzzy Systems Under Imperfect
Premise Matching
Changzhu Zhang, Member, IEEE, Hak-Keung Lam, Senior Member, IEEE, Jianbin Qiu, Senior Member, IEEE,
Chengju Liu, and Qijun Chen
Abstract—This paper is concerned with the problem of
membership-function-dependent controller design for a class of
discrete-time T-S fuzzy systems. Based on the partition method
of premise variable space, the original T-S fuzzy model is
equivalently converted into a kind of piecewise-fuzzy system.
Then by employing some staircase functions, the continuous
membership functions are approximated by a series of discrete
values, via which the information of membership functions is
brought into the stability analysis to reduce the design con-
servatism. With piecewise Lyapunov functions, the approaches
to the piecewise-fuzzy state feedback and observer-based output
feedback controller design are proposed, respectively, in terms
of linear matrix inequalities such that the closed-loop system is
asymptotically stable with a prescribed H1 performance level. It
is shown that the membership functions of the fuzzy model and
fuzzy controllers are not necessarily the same, which allows more
design flexibility. Finally, two illustrative examples are provided
to show the effectiveness of the developed methods.
Index Terms—Takagi-Sugeno fuzzy systems, membership-
function-dependent, Lyapounv stability, imperfect premise
matching, controller design
I. INTRODUCTION
It is known that nearly all the physical plants and industrial
processes in practice are nonlinear, and these different kinds
of nonlinearities impose great difficulties on stability analysis
and controller synthesis. During the past few decades, as an
effective way to tackle these complex nonlinear systems, fuzzy
logic control has received much attention in control commu-
nity. The fuzzy logic control provides a means of converting
a linguistic control strategy based on expert knowledge into
an automatic control strategy, and many significant results
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reported in the literature have shown that it offers an effective
method for the control problem of complex nonlinear systems
or even nonanalytic systems (please refer to [1]–[7] and refer-
ences therein). To mention a few, in [5] a fuzzy logic controller
was designed and implemented on a test vehicle for the lateral
motion control, which is modularized as a feedback, preview,
and gain scheduling rule bases. The results on stability analysis
of continuous-time fuzzy-model-based control systems were
reviewed in [2], where some fundamental and essential aspects
related to membership-function-dependent analysis methods
are summarized. In [6], the problem of robust adaptive fuzzy
cooperative tracking control for a class of uncertain nonlinear
multi-agent systems was studied, which are subject to time
delays and dead-zone nonlinearities. For a class of chaotic sys-
tems with unknown functions and disturbances, the problem
of asymptotic stabilization for such systems were investigated
in [7] based on the adaptive fuzzy logic control theory.
In general, fuzzy control can be classified into model-free
approach and model-based approach [2], [8]–[12]. Among var-
ious types of model-based fuzzy control approaches, Takagi-
Sugeno (T-S) fuzzy models have attracted plenty of research
interests and a great deal of research effort has been devoted
to the problem of stability analysis and controller synthesis
based on T-S fuzzy models in recent years [13]–[17]. With
T-S fuzzy models, a nonlinear plant can be approximated in
a general form by a series of linear subsystems via fuzzy
membership functions, which locally describe the dynamics of
the nonlinear plant [18]–[22]. In this case, one can resort to
the fruitful linear multivariable system theory for the stability
analysis and controller synthesis for these nonlinear systems
represented by T-S fuzzy models in a unified framework. In
[23], a sufficient condition is firstly provided for the quadratic
stability of T-S fuzzy systems by considering a Lyapunov
function for all subsystems involved. Then, the problem of
stability analysis and stabilization for T-S fuzzy systems are
converted into the task of searching for a common positive
definite Lyapunov matrix, and plenty of significant results on
relaxed quadratic stability conditions can be found in [3], [24]–
[26] and references therein. However, it should be noted that
the stability analysis and design results must be valid for all
subsystems with a common quadratic Lyapunov matrix, which
are very conservative. In some cases, it is very difficult to find
such a common matrix, especially for some highly nonlinear
complex fuzzy systems. Moreover, it is often the case that a
common quadratic Lyapunov matrix does not exist for some
FINAL VERSION SUBMITTED TO IEEE TRANSACTIONS ON FUZZY SYSTEMS 2
fuzzy systems even if they are asymptotically stable [27], [28].
In order to release the conservatism of the conditions based
on common Lyapunov functions (CLFs), a great number of
results are reported in the literature on the problem of stability
analysis and controller synthesis for fuzzy systems in the
framework of piecewise- or fuzzy-Lyapunov-function-based
approaches [28]–[33]. It has been demonstrated that piecewise
or fuzzy Lyapunov functions (PLFs or FLFs) could offer much
richer classes of Lyapunov function candidates than common
quadratic Lyapunov functions. Moreover, further relaxations
can be expected by introducing some slack variables in sta-
bility analysis and controller synthesis in different ways [34],
[35].
On the other hand, most control design techniques via linear
matrix inequalities are based on determining some matrix
variables to guarantee the positiveness of a double fuzzy
summation, and nearly all the stability conditions aforemen-
tioned are independent of the “shape” of the membership
functions of fuzzy systems. However, these results tend to
be conservative as some important properties of membership
functions are not used in the stability analysis. Sometimes it
might be the case that the analysis strategies on the original
nonlinear model could provide better solutions than those on
its equivalent fuzzy T-S one [36]. Therefore, the information
of membership functions plays an important role for the
relaxation of the results on stability analysis and controller
synthesis, and some related membership-function-dependent
analysis strategies were revealed in the existing literature
[2], [36]–[40]. To mention a few, with the known minimum
and maximum grades of membership, new relaxed stability
conditions were derived by employing the information of
the uncertain membership functions [39]. In [36], a series
of relaxed linear matrix inequality (LMI) conditions were
presented for fuzzy control that incorporates the membership
function shape information in the form of polynomial con-
straints. By employing the staircase membership functions and
some slack matrices, the LMI-based stability conditions were
obtained, which include the membership functions of both
fuzzy model and fuzzy controller, and then an approach to the
state feedback controller design was proposed in [40]. For the
most-recent advances on this topic, please refer to the survey
paper [2] and references therein.
It is also worthy to mention that almost all the aforemen-
tioned results are about stability analysis or state feedback
controller design for T-S fuzzy systems under consideration
of the information of membership functions. However, in
some cases it is difficult or even impossible to obtain all the
state information of the physical plant to be controlled for
subsequent controller design. Thus, some other control strate-
gies deserve further investigation with membership-function-
dependent analysis approaches, such as, observer-based out-
put feedback control. In the existing membership-function-
dependent stability analysis conditions were derived with the
common quadratic Lyapunov functions, which is a source of
conservatism as mentioned above. To the best of our knowl-
edge, few research effort has been devoted to the membership-
function-dependent stability analysis and controller synthesis
for T-S fuzzy systems subject to external disturbances within
the piecewise- or fuzzy-Lyapunov-function-based framework.
All these motivate our present work.
In this paper, the problem of membership-function-
dependent controller design is considered for a class
of discrete-time T-S fuzzy systems within the piecewise
Lyapunov-function-based framework. To overcome the dif-
ficulty in using the continuous information of membership
functions, staircase membership functions are employed to
approximate the original membership functions of fuzzy plant
and fuzzy controllers. With the piecewise Lyapunov functions,
the approaches to the piecewise-fuzzy state feedback controller
and the observer-based output feedback controller designs are
studied, respectively, which guarantee the closed-loop fuzzy
system to be asymptotically stable with a predefined H1
performance level. It is shown that all the synthesis conditions
are formulated in terms of linear matrix inequalities, and
two illustrative examples are provided to demonstrate the
effectiveness and advantages of the proposed methods.
The remainder of this paper is organized as follows. Section
II is devoted to problem formulation. In Section III, the main
results of stability analysis and controller design of piecewise-
fuzzy state feedback controller and observer-based output
feedback controller are presented, respectively. The simulation
results are given in Section IV. Finally, we conclude the paper
in Section V.
Notations: The notations used throughout the paper are
fairly standard. The superscript “T ” stands for matrix trans-
pose; Rn denotes the n-dimensional Euclidean space; Rmn
is the set of all real m by n matrices and Sn denotes
the set of n  n real symmetric matrices; In and 0mn
represent n-dimensional identity matrix and m by n zero
matrix, respectively. We use an asterisk () to represent a term
that is induced by symmetry in symmetric matrices. diagf   g
stands for a block-diagonal matrix. The notation P > 0 means
that P is real symmetric and positive definite. Matrices, if
their dimensions are not explicitly stated, are assumed to be
compatible for algebraic operations.
II. MODEL DESCRIPTION AND PROBLEM FORMULATION
In this section, we study the control problem for a class
of discrete-time T-S fuzzy dynamic systems, which are used
to describe a complex nonlinear physical plant by the smooth
combination of local analytic linear models with fuzzy mem-
bership functions. To facilitate the controller design, we first
re-formulate the T-S fuzzy model into a piecewise form. And
then, two piecewise-fuzzy control laws, i.e., state feedback
control and observer-based output feedback control, are pro-
posed.
A. Discrete-time T-S Fuzzy Dynamic Models
The discrete-time T-S fuzzy system with external distur-
bance is given as follows:
Plant Rule RmP : IF f1(x(t)) is Mm1 , AND    , AND
f	(x(t)) is Mm	 ; THEN8<:
x(t+ 1) = Amx(t) +Bmu(t) +Dmw(t)
z(t) = Lmx(t) +Nmu(t)
y(t) = Cx(t);m 2 RP , f1; 2; : : : ; pg
(1)
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where Mm is a fuzzy term of rule m corresponding to the
known function f(x(t))( = 1; 2;    ;	) and m 2 RP .
f(x(t)) = [f1(x(t)); : : : ; f	(x(t))]
T is the premise variable
vector. x(t) 2 Rnx stands for the state vector and u(t) 2
Rnu is the control input; y(t) 2 Rny is the measured output.
Without loss of generality, assuming the system output matrix
C to be of full-row rank, z(t) 2 Rnz is the regulated output,
w(t) 2 Rnw is the external disturbance belonging to l2[0; 1).
Am; Bm; Dm; Lm; and Nm are known constant matrices.
Let m(x(t)) be the normalized fuzzy membership function
given as
m(x(t)) =
Q	
j=1 
m
j [fj(x(t))]Pp
=1
Q	
j=1 

j [fj(x(t))]
 0;
pX
m=1
m(x(t)) = 1
(2)
where mj [fj(x(t))] represents the grade of membership of
fj(x(t)) inMmj . For brevity, m(x(t)) is denoted as m with-
out ambiguity. Following a standard fuzzy inference method,
the compact form of T-S fuzzy system in (1) can be re-
expressed as8<: x(t+ 1) = A()x(t) +B()u(t) +D()w(t)z(t) = L()x(t) +N()u(t)
y(t) = Cx(t)
(3)
where8<: A() :=
Pp
m=1 mAm; B() :=
Pp
m=1 mBm
D() :=
Pp
m=1 mDm; L() :=
Pp
m=1 mLm
N() :=
Pp
m=1 mNm.
In this paper, an approach to the robust stability analysis
and controller synthesis in the piecewise-Lyapunov-function-
based framework is developed, and to facilitate the subsequent
controller design, the original T-S fuzzy dynamic model is
firstly converted into the equivalent piecewise-fuzzy system.
To this end, we partition the premise variable space 
P into
two kinds of polyhedral regions, i.e., crisp regions and fuzzy
regions [28]. Denote those regions as 
Pl (l 2 P) with P
being the set of polyhedral region indices.
Define IP(l) as the index set of the fired rules in each region

Pl , that is,
IP(l) :=

mjm(x(t)) > 0; f(x(t)) 2 
Pl ;m 2 RP ; l 2 P
	
;
and then the crisp and fuzzy regions can be given as

Pl := ff(x(t))jk(x(t)) = 1; for all k 2 IP(l)g

Pl := ff(x(t))j0  k(x(t)) < 1; for all k 2 IP(l)g :
With the above partition method, in the lth region 
Pl , one
has
P
m2IP(l) m = 1, and the fuzzy system can be further
expressed as8<: x(t+ 1) = Alx(t) + Blu(t) +Dl!(t)z(t) = Llx(t) +Nlu(t)
y(t) = Cx(t)
(4)
where8<:
Al =
P
m2IP(l) mAm;Bl =
P
m2IP(l) mBm
Dl =
P
m2IP(l) mDm;Ll =
P
m2IP(l) mLm
Nl =
P
m2IP(l) mNm:
For subsequent use, let a set TP denote all possible region
transitions during the evolution of the system dynamics
TP :=

(l; i)jf(x(t)) 2 
Pl ; f(x(t+ 1)) 2 
Pi ; l; i 2 P
	
:
B. Piecewise-fuzzy State Feedback Controller
A fuzzy controller with q fuzzy rules is to be designed for
the T-S fuzzy system in (1). Following the similar partition
method, we assume that the premise variable space of the
controller is divided into several regions 
Cs (s 2 C) and let
C and IC(s) denote the set of region indices and the index of
fired rules in the sth region 
Cs , respectively. The piecewise-
fuzzy state feedback controller is constructed as follows:
Region Rule s: IF g(x(t)) 2 
Cs , s 2 C ,
Controller Rule RnC : IF g1(x(t)) is N n1 , AND    , AND
g(x(t)) is N n ; THEN
u(t) = Ksnx(t); n 2 f1; 2;    ; qg; (5)
where g(x(t)) = [g1(x(t)); : : : ; g(x(t))]T is the premise
variable vector and Ksn; (n 2 IC(s); s 2 C) are the state
feedback controller gains of each local model in each region
to be determined later. Thus, in the sth region, the controller
can be given by
u(t) = Ksx(t); s 2 C ; (6)
where Ks =
P
n2IC(s) nKsn and n or n(x(t)) is the
normalized fuzzy membership function for the controller given
by
n =
Q
j=1 
n
j [gj(x(t))]Pq
=1
Q
j=1 

j [gj(x(t))]
 0;
qX
n=1
n = 1:
Similarly, we define a set TC to denote all possible region
transitions from 
Cs to 

C
j , s; j 2 C
TC :=

(s; j)jg(x(t)) 2 
Cs ; g(x(t+ 1)) 2 
Cj ; s; j 2 C
	
:
Based on the mathematical expressions of physical plant
and state feedback controller in piecewise-fuzzy form in (4)
and (6), respectively, the closed-loop system can be obtained
as: 8<: x(t+ 1) = (Al + BlKs)x(t) +Dlw(t)z(t) = (Ll +NlKs)x(t)
y(t) = Cx(t); (l 2 P ; s 2 C):
(7)
Remark 2.1: From the expression of state feedback con-
troller in (5), it is worth noting that: 1) a fuzzy-weighted state
feedback controller gain Ksn is proposed in each region, that
is, there are several controller gains in fuzzy regions instead of
one single controller gain in one region. In this case, it offers
a greater design flexibility for the state feedback controller.
2) Moreover, in the controller formulation, it is not required
that the T-S fuzzy physical plant and fuzzy state feedback
controller share the same membership functions, which also
offers the design flexibility for the membership functions
of fuzzy controller as the membership functions for fuzzy
controller can be selected to be less complex than those of
the physical plant.
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C. Piecewise-fuzzy Observer-based Output Feedback Con-
troller
In the previous subsection, we consider the piecewise-fuzzy
state feedback controller for T-S fuzzy systems by taking
the unmatched premise variables into account. However, it
might not be the case in practice that all the state infor-
mation is available at the controller side as usually some
states cannot be directly measured. Thus, in this section,
we consider the problem of piecewise-fuzzy observer-based
output feedback control for the T-S fuzzy systems under the
piecewise-Lyapunov-function-based framework.
Similarly, we define 
Cs (s 2 C), C , and IC(s) as the
partitioned regions, the set of region indices, and the index of
fired rules in the sth region 
Cs , respectively. For the discrete-
time T-S fuzzy system in (1) and its piecewise form in (4), we
consider the following piecewise-fuzzy observer-based output
feedback controller with unmatched premise variables:
Region Rule s: IF g(x^(t)) 2 
Cs , s 2 C ,
Observer-based Controller Rule RnC : IF g1(x^(t)) is N n1
AND    , AND g(x^(t)) is N n ; THEN8<: x^(t+ 1) = Anx^(t) +Bnu(t) +Rsn(y(t)  y^(t))y^(t) = Cx^(t)
u(t) = Ksnx^(t); n 2 f1; 2; : : : ; qg
(8)
where g(x^(t)) = [g1(x^(t)); : : : ; g(x^(t))]T is the premise
variable depending on the estimated states x^(t) 2 Rnx , and
Rsn and Ksn(n 2 IC(s); s 2 C) are the observer and
controller gains of each local model in each region.
With the partition approach, the fuzzy observer-based con-
troller in piecewise-fuzzy form can be given as8<: x^(t+ 1) = A^sx^(t) + B^su(t) + R^s(y(t)  y^(t))y^(t) = Cx^(t)
u(t) = K^sx^(t)
(9)
where(
A^s =
P
n2IC(s) ^nAn; B^s =
P
n2IC(s) ^nBn;
R^s =
P
n2IC(s) ^nRsn; K^s =
P
n2IC(s) ^nKsn
and ^n or (n(x^(t)) is the normalized fuzzy membership
function given as
^n =
Q
j=1 
n
j [gj(x^(t))]Pq
=1
Q
j=1 

j [gj(x^(t))]
 0;
qX
n=1
^n = 1:
For subsequent use, we also define a set TC to denote all
possible region transitions of the observer dynamics from 
Cs
to 
Cj , s; j 2 C
TC :=

(s; j)jg(x^(t)) 2 
Cs ; g(x^(t+ 1)) 2 
Cj ; s; j 2 C
	
:
Defining the estimation error as e(t) = x(t)  x^(t), and by
combining (4) and (9), the augmented closed-loop system can
be rewritten as
(t+ 1) = Als(t) + Dlw(t)
z(t) = Lls(t) (10)
where 8>>>>>>>>><>>>>>>>>>:
(t) =

xT (t) eT (t)
T
; Dl =
Dl
Dl

Als =
 Al + BlK^s
Al   A^s + (Bl   B^s)K^s
 BlK^s
A^s   (Bl   B^s)K^s   R^sC

Lls =
Ll +NlK^s  NlK^s  :
For the given discrete-time T-S fuzzy dynamic system in
(1) and piecewise form in (4), the objective of this paper
is to design the admissible piecewise-fuzzy state feedback
controller and observer-based output feedback controller in
the form of (5) and (8), respectively, such that the closed-
loop systems in (7) and (10) are asymptotically stable with
guaranteed H1 performance, that is, the l2-norm from the
disturbance w(t) to the regulated output z(t) is less than 
under zero initial conditions
1X
t=0
zT (t)z(t)  2
1X
t=0
wT (t)w(t)
for all w(t) 2 l2[0;1):
III. MAIN RESULTS
In this section, the results on piecewise-fuzzy controller
design are presented based on piecewise Lyapunov functions
for the discrete-time T-S fuzzy systems. By considering the
shape of membership functions of the physical plant and
controllers, the membership-function-dependent approaches to
the controller design are proposed.
A. State Feedback Controller Design
Theorem 3.1: Considering the discrete-time T-S fuzzy model
given in (1), the piecewise-fuzzy state feedback controller in
(5) with unmatched premise variables, and a series of prede-
fined scalars m and n utilized to respectively approximate
the membership functions m and n, and mn such that
mn   mn   mn  0, the closed-loop system in (7)
is asymptotically stable with a guaranteed H1 performance
level  if there exist Mlsij , Wlsij 2 S2nx+nw+nz , Pls 2 Snx ,
Gs 2 Rnxnx , and ~Ksn 2 Rnunx , such that the following
conditions hold:
Pls > 0;Wlsij  0 (11)X
m2IP(l)
X
n2IC(s)
[mnMlsij
+ (mn + mn)(
mn
lsij +Wlsij)

< 0; (12)
mnlsij +Mlsij +Wlsij < 0; (13)
m 2 IP(l); n 2 IC(s); l; i 2 P ;
s; j 2 C ; (l; i) 2 TP ; (s; j) 2 TC ;
where
mnlsij =
2664
Pls  Gs  GTs   
0nwnx  2Inw  
AmGs +Bm ~Ksn Dm  Pij 
LmGs +Nm ~Ksn 0nznw 0nznx  Inz
3775 :
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Moreover, the admissible piecewise-fuzzy state feedback con-
troller gains in the form of (5) are given by
Ksn = ~KsnG
 1
s : (14)
Proof : Consider the following piecewise Lyapunov func-
tion:
V (t) = xT (t)P 1ls x(t); f(x(t)) 2 
Pl ;
g(x(t)) 2 
Cs ; l 2 P ; s 2 C ; (15)
where 0 < Pls are Lyapunov matrices to be determined.
Define (t) =

xT (t) wT (t)
T
and V (t) = V (t +
1; x(t+ 1))  V (t; x(t)). With the given piecewise Lyapunov
function, it is sufficient to show the system (7) satisfying the
aforementioned requirements in last section if the following
inequality holds:
J (t) , V (t+ 1; x(t+ 1))  V (t; x(t))
+ zT (t)z(t)  2wT (t)w(t) < 0: (16)
Without loss of generality, we assume that f(x(t + 1)) 2

Pi ; g(x(t + 1)) 2 
Cj (i 2 P ; j 2 C), and (l; i) 2
TP ; (s; j) 2 TC . Along the trajectory of (7), the left-hand-side
of equation (16) is reformulated as:
J (t) = [(Al + BlKs)x(t) +Dlw(t)]T
P 1ij [(Al + BlKs)x(t) +Dlw(t)]
 xT (t)P 1ls x(t) + zT (t)z(t)  2wT (t)w(t)
= T (t)~lsij(; )(t); (17)
where
~lsij(; ) =
2664
 P 1ls   
0nwnx  2Inw  
Al +AlKs Dl  Pij 
Ll +NlKs 0nznw 0nznx  Inz
3775 :
Obviously, if ~lsij(; ) < 0, one can conclude that the
closed-loop system in (7) is asymptotically stable with a
guaranteed H1 performance level :
On the other hand, considering the definitions of system
matrices and controller gain in piecewise-fuzzy form, we have
~lsij(; ) =
X
m2IP(l)
X
n2IC(s)
mn^
mn
lsij ; (18)
where
^mnlsij =
2664
 P 1ls   
0nwnx  2Inw  
Am +BmKsn Dm  Pij 
Lm +NmKsn 0nznw 0nznx  Inz
3775 :
Therefore, a sufficient condition for the closed-loop T-
S fuzzy system in (7) to be asymptotically stable with a
prescribed H1 performance level  can be given by
~lsij(; ) =
X
m2IP(l)
X
n2IC(s)
mn^
mn
lsij < 0; (19)
from which we can see that the information of membership
functions m(x(t)) and n(x(t)) is involved.
To further reduce the design conservatism, we introduce
a series of discrete values m and n to approximate the
membership functions m and n, which can be determined
according to the membership functions with respect to some
points on the abscissa axis. In this case, it can be easily
known that
P
m2IP(l) m = 1 and
P
n2IC(s) n = 1. To
facilitate the subsequent controller design, some slack matrices
0  W^lsij 2 S2nx+nw+nz are introduced, and thus we have
~lsij(; ) 
X
m2IP(l)
X
n2IC(s)
h
mn^
mn
lsij
+(mn   mn)(^mnlsij + M^lsij) + mnW^lsij
+ (mn   mn)(^mnlsij + M^lsij +Wlsij)
i
=
X
m2IP(l)
X
n2IC(s)
h
mnM^lsij
+ (mn + mn)(^
mn
lsij + W^lsij)
i
+
X
m2IP(l)
X
n2IC(s)
(mn   mn   mn)
 (^mnlsij + M^lsij + W^lsij) (20)
whereMlsij are arbitrary symmetric matrices with appropriate
dimensions, mn are known scalars such that mn mn 
mn  0.
From the terms on the right-hand-side of the equation
in (20), we can conclude that inequality (16) holds if the
following conditions are satisfied:X
m2IP(l)
X
n2IC(s)
h
mnM^lsij
+ (mn + mn)(^
mn
lsij + W^lsij)
i
< 0; (21)
^mnlsij + M^lsij + W^lsij < 0; (22)
l; i 2 P ; s; j 2 C ; (l; i) 2 TP ; (s; j) 2 TC :
Now, we are in the position to derive the controller gains
based on the stability conditions given above. It should be
noted that the matrix variables P 1ls and Pij co-exist in (21)
and (22), which leads to some difficulties in the solution
of optimization problem. Thus, we adopt the widely used
inequality as follows by introducing some nonsingular slack
matrices Gs 2 Rnxnx(s 2 C):
Pls  Gs  GTs +GsP 1ls GTs
= (Pls  Gs)P 1ls (Pls  Gs)T  0; (23)
which yields
 GsP 1ls GTs  Pls  Gs  GTs : (24)
Now, performing a congruence transformation to (21) and
(22) with Gs=diagfGs; Inw ; Inx ; Inzg and considering the
inequality in (24), conditions (21) and (22) hold ifX
m2IP(l)
X
n2IC(s)
h
mnGTs M^lsijGs
(mn + mn)(
mn
lsij + GTs W^lsijGs)
i
< 0; (25)
mnlsij + GTs M^lsijGs + GTs W^lsijGs < 0;
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l; i 2 P ; s; j 2 C ; (l; i) 2 TP ; (s; j) 2 TC ; (26)
with
mnlsij =
2664
Pls  Gs  GTs   
0nwnx  2Inw  
AmGs +BmKsnGs Dm  Pij 
Lm +NmKsnGs 0nznw 0nznx  Inz
3775 ;
which further implies the stability condition with a guaranteed
H1 performance level  in (16).
By defining ~Ksn = KsnGs, Wlsij = GTs W^lsijGs, and
Mlsij = GTs M^lsijGs, we readily have (25) and (26) from (11)-
(13) in Theorem 3.1. The proof is thus completed.
Remark 3.1: In Theorem 3.1, the stability analysis and
controller synthesis are investigated for discrete-time T-
S fuzzy systems under piecewise-Lyapunov-function-based
framework. It should be noted that, to further reduce the design
conservatism, some information of the membership functions
is incorporated by choosing finite discrete values of these
membership functions. To one extreme, if m and n can
be well approximated by a great number of m and n (that
is, mn = mn), respectively, the stability condition with a
guaranteed H1 performance level  in (11)-(13) will reduce
to
P
m2IP(l)
P
n2IC(s) mn^
mn
lsij < 0 by letting Mlsij = 0,
Wlsij = 0, and mn = 0. On the other hand, with the
introduction of slack matricesMlsij ,Wlsij , and the increasing
number of partitioned regions, the computational load will
become higher.
In Theorem 3.1, a membership-function-dependent approach
to the state feedback controller design is proposed under
piecewise-Lyapunov-function-based framework. However, if
the information of membership functions is not considered in
the stability analysis as in some existing literatures, such as
[31], we will directly derive the following conditions on state
feedback controller design.
Corollary 3.1: For the discrete-time T-S fuzzy model given
in (1) and the fuzzy-piecewise state feedback controller in
(5) with unmatched premise variables, the closed-loop system
in (7) is asymptotically stable with a guaranteed H1 perfor-
mance level  if there exist Pls 2 Snx , Gs 2 Rnxnx , and
~Ksn 2 Rnunx , such that the following conditions hold:
mnlsij =
2664
Pls  Gs  GTs   
0nwnx  2Inw  
AmGs +Bm ~Ksn Dm  Pij 
Lm +Nm ~Ksn 0nznw 0nznx  Inz
3775 < 0
m 2 IP(l); n 2 IC(s); l; i 2 P ;
s; j 2 C ; (l; i) 2 TP ; (s; j) 2 TC ;
(27)
and moreover, the admissible piecewise-fuzzy state feedback
controller in the form of (5) can be derived by (14).
The proof of Corollary 3.1 can be easily completed based
on (19) by extracting the membership functions.
Remark 3.2: In the aforementioned results on controller
design, it is not required that the piecewise-fuzzy state feed-
back controller shares the same membership functions with
physical plant. However, if the H1 performance analysis
for the closed-loop system in (7) and the corresponding
state feedback controller design are conducted with parallel
distributed compensation (PDC) method, i.e., p = c and
m(x(t)) = m(x(t)) for all m 2 f1; 2; : : : ; pg, the con-
servatism of the controller design results in Theorem 3.1 can
be further relaxed under the membership-function-dependent
analysis strategy with some approaches reported in the existing
literatures [15], [25], [26], [40].
B. Observer-based Output Feedback Controller Design
In this subsection, we present the main result on the
piecewise-fuzzy observer-based output feedback controller de-
sign.
Theorem 3.2: Consider the T-S fuzzy discrete-time system
in (4) and the observer-based output feedback controller
in the form of (8) with unmatched premise variables. For
the given scalars m and n respectively approximating
the membership functions m and ^n, and mn satisfying
m^n   mn   mn  0, the closed-loop system (9) is
asymptotically stable with a guaranteed H1 performance  if
there exists a set of matrices Pls 2 S2nx , S1s(1) 2 Rnyny ,
S1s(2) 2 R(nx ny)ny , S1s(3) 2 R(nx ny)(nx ny), ~Ksn 2
Rnunx , ~Rsn 2 Rnxny , Mlsij , and Wlsij 2 S4nx+nz+nw
such that the following linear matrix inequality conditions are
satisfied
Pls > 0;Wlsij  0; (28)P
m2IP(l)
P
n2IC(s) [mnMlsij
+(mn + mn)(
mn
lsij +Wlsij)
i
< 0; (29)
(mnlsij +Mlsij +Wlsij) < 0;
m 2 IP(l); n 2 IC(s); l; i 2 P ;
s; j 2 C ; (l; i) 2 TP ; (s; j) 2 TC ; (30)
where8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:
mnlsij =
2664
Pls   STs   Ss   
0nw2nx  2Inw  
~Amns Dm  Pij 
~Lmns 0nznw 0nz2nx  Inz
3775
~Amns =

AmS1s +Bm ~Ksn
(Am  An)S1s + (Bm  Bn) ~Ksn
 Bm ~Ksn
AnS1s   (Bm  Bn) ~Ksn   RsnJT3

~Lmns =

LmS1s +Nm ~Ksn  Nm ~Ksn

Rsn =

~Rsn 0nx(nx ny)

; Ss =diagfS1s; S1sg
S1s = J3

J 12 J
T
1 S1s(1) 0ny(nx ny)
S1s(2) S1s(3)

JT3 ;
and J1; J2;and J3 are obtained via the singular value de-
composition (SVD) of the output matrix C, i.e., C =
J1

J2 0ny(nx ny)

JT3 . Moveover, the observer and con-
troller gains can be calculated via
Rsn = ~RsnS
 1
1s(1);Ksn =
~KsnS
 1
1s ; s 2 C ; n 2 IC(s): (31)
Proof : We consider the following piecewise quadratic Lya-
punov function as in state feedback case:
V (t) = T (t)P 1ls (t); f(x(t)) 2 
Pl ;
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g(x^(t)) 2 
Cs ; l 2 P ; s 2 C ; (32)
where 0 < Pls 2 S2nx are Lyapunov matrices to be deter-
mined, and the following inequality will be used to guarantee
the closed-loop system in (10) to be asymptotically stable with
a prescribed H1 performance level 
V (t+ 1)  V (t) <  zT (t)z(t) + 2wT (t)w(t): (33)
Following the similar line in Theorem 3.1, it can be easily
shown that the aforementioned inequality holds if along the
trajectories of system (10) the following inequality is satisfied:
X
m2IP(l)
X
n2IC(s)
m^n^
mn
lsij < 0; (34)
where8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
^mnlsij =
2664
 P 1ls   
0nw2nx  2Inw  
Amns Dm  Pij 
Lmns 0nznw 0nz2nx  Inz
3775
Amns =

Am +BmKsn
Am  An + (Bm  Bn)Ksn
 BmKsn
An   (Bm  Bn)Ksn  RsnC

Dm =

Dm
Dm

Lmns =

Lm +NmKsn  NmKsn

:
By introducing the slack matrices Mlsij 2 S4nx+nz+nw ,
and 0 Wlsij 2 S4nx+nz+nw , the inequality (34) holds ifX
m2IP(l)
X
n2IC(s)
h
mnM^lsij
+ (mn + mn)(^
mn
lsij + W^lsij)
i
+
X
m2IP(l)
X
n2IC(s)
(m^n   mn   mn)
 (^mnlsij + M^lsij + W^lsij) < 0; (35)
where m and n are a series of discrete values to approximate
the membership functions m and ^n, respectively, and mn
are known scalars satisfying m^n   m   mn  0 (m 2
IP(l); n 2 IC(s)).
By considering the matrix inequality in (23), and per-
forming a congruence transformation to (35) with Ss =
diagfSs; Inw ; I2nx ; Inzg and its transpose, we have the follow-
ing two conditions such that the closed-loop is asymptotically
stable with H1 performance level :P
m2IP(l)
P
n2IC(s) [mnMlsij+
(mn + mn)(~
mn
lsij +Wlsij)
i
< 0; (36)
(~mnlsij +Mlsij +Wlsij) < 0; (37)
for m 2 IP(l); n 2 IC(s); l; i 2 P ; s; j 2 C ; (l; i) 2
TP ; (s; j) 2 TC , where Wlsij = STs W^lsijSs, Mlsij =
STs M^lsijSs, and
~mnlsij =
2664
Pls   STs   Ss   
0nw2nx  2Inw  
Amns Ss DmSs  Pij 
Lmns Ss 0nznw 0nz2nx  Inz
3775 :
Without loss of generality, we assume the output matrix C
to be with full row rank, and then its SVD can be given as
follows:
C = J1

J2 0ny(nx ny)

JT3 ;
J1J
T
1 = Iny ; J3J
T
3 = Inx ; (38)
where J1 2 Rnyny , J2 2 Rnyny , and J3 2 Rnxnx are all
nonsingular matrices.
To facilitate the calculations of observer and controller
gains, we specify the matrix Ss to be with the structure as
follows:
Ss = diagfS1s; S1sg;
S1s = J3

J 12 J
T
1 S1s(1) 0ny(nx ny)
S1s(2) S1s(3)

JT3 ;
where S1s(1) 2 Rnyny , S1s(2) 2 R(nx ny)ny , S1s(3) 2
R(nx ny)(nx ny), and S1s(1) and S1s(3) are nonsingular.
Then, with (38) and (39) one can obtain
RsnCS1s = RsnJ1

J2 0ny(nx ny)

JT3
J3

J 12 J
T
1 S1s(1) 0ny(nx ny)
S1s(2) S1s(3)

JT3
=

~Rsn 0ny(nx ny)

JT3 , RsnJT3 : (39)
By defining ~Ksn = KsnS1s, and ~Rn = RsnS1s(1), we
readily have (36)-(37), and (29)-(30), which further implies
(34) and (33). Thus, the proof is completed.
Remark 3.3: From the inequalities given in Theorems 3.1
and 3.2, it can be observed that the information of membership
functions is incorporated in the stability and H1 performance
analysis within the pieceiwse-Lyapunov-function-based frame-
work, by which the design conservatism is further reduced
(please see Table II in Example 4.1). However, it should
be noted that two different types of space separations are
introduced, that is, the partition on premise variable space
for system conversion from T-S fuzzy model to equivalent
piecewise-fuzzy form and the division on x-axis of mem-
bership functions for approximation of these functions with
a series of discrete values. In this case, with increase of
the partitions, the number of stability conditions in terms
of matrix inequalities will increase accordingly, and thus, a
computational problem might arise for some systems with
more complex membership functions.
Remark 3.4: With the introduction of slack matrices Ss in
Theorem 3.2, a sufficient condition in terms of linear matrix
inequality for the observer and controller design is derived,
which can be directly solved via some commercially available
softwares, such as, MatLab. However, it is noted that, to
facilitate the linearization procedure of inequality constraints
in (36) and (37), Ss is specified with a structural constraints
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in (38), which inevitably introduced some degree of design
conservatism as expected. To further reduce the conservatism,
the cone complementarity linearization (CCL) deign strategy
can be adopted [41]. For more details about CCL, please refer
to [42].
IV. SIMULATION RESULTS
In this section, two illustrative examples are given to show
the effectiveness of the proposed approaches to the design of
piecewise-fuzzy state feedback controller and observer-based
output feedback controller.
Example 4.1: Consider a discrete-time T-S fuzzy system
in the form of (1) with three local models, and the system
parameters are given as follows:
A1 =

0:9000  1:1800
 0:0900  0:6300

; A2 =

1:0500  0:800
0:0500  0:2000

A3 =

1:3440  1:4280
0:3360  1:1200

; B1 =
 1
0

; D1 =
 1
0:5

B2 = B3 =

1
0

; D2 = D3 =

1
0:5

Lm =

0 0:2

; Nm = 0:1; C =

1 1

for m 2 f1; 2; 3g.
x2
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Membership functions of the physical plant
Rule 1
Rule 2
Rule 3
Fig. 1. Membership functions for the physical plant in Example 4.1
The membership functions of the physical plant are depicted
in Figure 1, from which it can be seen that we have three
regions 
P1 , 

P
2 , and 

P
3 according to the space partition
method mentioned in Section II. Moreover, with the partition,
one has IP(1) = f1; 2g; IP(2) = f2g; and IP(3) = f2; 3g:
Now, a piecewise-fuzzy state feedback controller in the form
of (5) with three fuzzy rules is employed to stabilize the fuzzy
system and guarantee a certain level ofH1 performance of the
closed-loop system. To facilitate the design of the piecewise-
fuzzy controller, we assume that the membership functions of
the state feedback controller are given by trapezoid as shown
in Figure 2, which are not same as those of physical plant.
Now, we consider using the staircase functions to ap-
proximate the original membership functions of both fuzzy
model and piecewise-fuzzy controller. To this end, the x-axis
is uniformly divided into different intervals in each region
-10 -8 -6 -4 -2 0 2 4 6 8 10
0
0.2
0.4
0.6
0.8
1
Membership functions of the controller
Rule 1
Rule 2
Rule 3
Fig. 2. Membership functions for the controller in Example 4.1

Pl (

C
s ; l; s 2 1; 2; 3). Please see Figure 1 in 
P1 . We
choose the membership function values at the middle point
of each interval to approximate the membership functions.
It can be easily observed that, with the increasing number
of the partitioned intervals, approximation errors among the
discrete values m, n and the corresponding m and n
become small. To guarantee mn   mn   mn  0, let
mn = mn mn 10 4. To demonstrate the effectiveness
of the proposed method, we select the step length as 1:0, and
the obtained values of mn are listed in Table I. Now, by
Theorem 3.1, we obtain an admissible piecewise-fuzzy state
feedback controller for the system in Example 4.1, which are
given as follows
8<: K11 =
 0:0155 0:0324  ;K12 =  0:0297 0:0198 
K32 =
 0:9502 0:4583  ;K33 =  1:0103 0:4416 
K22 =
 0:9052 0:3700 
and the optimal H1 performance index is min = 2:0475.
To further illustrate the advantage of the proposed method
over some existing fuzzy controller design methods, such as,
piecewise-Lyapunov-function-based framework and common-
Lyapunov-based framework, we consider different cases with
step length 1:0, 0:4, and 0:2, that is, the definition range
of membership functions [ 10; 10] is uniformly divided into
20, 50, 100 intervals, respectively. A detailed comparison of
the obtained minimum H1 performance indices min under
different scenarios and design methods is summarized in Table
II. The results clearly show that better performance can be ob-
tained via the developed method in this paper over the existing
ones under piecewise-Lyapunov-function-based and common-
Lyapunov-based framework, and moreover, with the increasing
number of partitioned intervals, the H1 performance can be
further improved.
Example 4.2: In this example, the truck-trailer model for-
mulated in [43] is used to demonstrate the effectiveness of
the piecewise-fuzzy observer-based output feedback controller
design in this paper. As the control purpose of this system is to
back up a truck-trailer along a desired trajectory, a simplified
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TABLE I
THE CORRESPONDING VALUES OF mn WITH STEP LENGTH 1:0 IN EXAMPLE 4.1

P1 , 

C
1
11  0:0629  0:0661  0:0942  0:1873  0:0691  0:0056  3:9217 10 4  1:0990 10 4
12  0:0623  0:0623  0:0571  0:0902 0:0780  0:0109  0:0012  2:4853 10 4
21  2:0292 10 4  0:0012  0:0109  0:0780  0:0902  0:0571  0:0623  0:0626
22  1:0989 10 4  3:9217 10 4  0:0056  0:0691  0:1873  0:0942  0:0661  0:0629

P3 , 

C
3
22  0:0629  0:0661  0:0942  0:1873  0:0691  0:0056  3:9217 10 4  1:0990 10 4
23  0:0626  0:0623  0:0571  0:0902  0:0780  0:0109  0:0012  2:0314 10 4
23  2:0314 10 4  0:0012  0:0109  0:0780  0:0902  0:0571  0:0623  0:0626
33  1:0990 10 4  3:9217 10 4  0:0056  0:0691  0:01873  0:0942  0:0661  0:0629
TABLE II
COMPARISON OF MINIMUM H1 PERFORMANCE FOR DIFFERENT CASES IN EXAMPLE 4.1
Theorem 3.1 Theorem 3.1 Theorem 3.1 PLF-based method CLF-based method
(step length=0:2) (step length=0:4) (step length=1:0)
min 1:1338 1:5021 2:0475 2:8350 5:3660
model is given as follows:8<:
x1(t+ 1) = (1  v0t0L0 )x1(t) + v0t0L0 u(t) + 0:1w(t)
x2(t+ 1) = x2(t) +
v0t0
L0
x1(t) + 0:1w(t)
x3(t+ 1) = x3(t) + v0t0 sin(x2(t) +
v0t0
L0
x1(t)) + 0:1w(t)
where x1(t) is the angle difference between truck and trailer,
and x2(t) is the angle of the trailer; x3(t) is the vertical
position of the rear end of the trailer; u(t) is the control input
of steering angle; w(t) is the external disturbance and L0 is the
length of the trailer. The parameters in this model are given as
L0 = 5:5m, v0 =  1:0m/s, t0 = 2:0s, and the measurement
and regulated output are, respectively, given by
y(t) =

7  2 0:03
0:8 2:1 0

x(t);
z(t) =

0:5 0 0

x(t) + 0:2u(t):
By the fuzzy modeling approach in [43], one can obtain
the corresponding T-S fuzzy approximation of the nonlinear
system, and the Gaussian-type membership functions are em-
ployed as the fuzzy basis functions [44], which are given in
Figure 3.
Then the T-S fuzzy dynamics of the truck-trailer model is
given as follows:
Plant Rule RmP : IF x2(t) +
v0t0
L0
x1(t) is Mm1 , THEN8<:
x(t+ 1) = Amx(t) +Bmu(t) +Dmw(t)
z(t) = Lmx(t) +Nmu(t)
y(t) = Cx(t);m 2 RP , f1; 2g;
and the system matrices are
A1 =
264 1 
v0t0
L0
0 0
v0t0
L0
1 0
v20t
2
0
2L0
v0t0 1
375 ; A2 =
264 1 
v0t0
L0
0 0
v0t0
L0
1 0
dv20t
2
0
2L0
dv0t0 1
375 ;
B1 = B2 =
 v0t0
L0
0 0
T
; D1 = D2 =

0:1 0:1 0:1
T
;
where d equals to 0:01 to guarantee the system to be theoret-
ically controllable.
|x2(t) +
v0t0
L0
|
0 pi/6 pi
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Ω
P
1 Ω
P
2
Rule 1
Rule 2
Fig. 3. The membership functions in Example 4.2
Consider the piecewise-fuzzy output feedback controller
in the form of (8) with the same membership functions in
Figure 3. It is ready for the design of observer-based output
feedback controller according to Theorem 3.2 with the step
length =24. A feasible solution is obtained with the optimal
H1 performance index min = 0:2747, and the corresponding
observer and controller gains are given as follows:8<: K11 =

1:9409  1:1070 0:0047 
K21 =

1:9409  1:1070 0:0047 
K22 =

1:9314  0:9790 0:0050 8>>>>>>>>>>>><>>>>>>>>>>>>:
R11 =
24 0:2235 0:1941 0:0822 0:4348
 1:3578 2:1514
35
R21 =
24 0:2208 0:1659 0:0808 0:4022
 1:4246 2:1988
35
R22 =
24 0:2175 0:1678 0:0827 0:4033
 1:4205 2:3368
35
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Fig. 4. The closed-loop state responses without disturbance in Example 4.2
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Fig. 5. The closed-loop state responses with w(t) = e 0:05sin(0:4t) in
Example 4.2
and (K11, R11) and (K21, K22, R21, R22) are the controller
and observer gains when the dynamics of the piecewise-fuzzy
observer evolutes in region 
C1 and 

C
2 , respectively.
To illustrate the asymptotical stability of the closed-loop
system with the obtained observer-based output feedback
controller, we show some simulation results under different
conditions with w(t) = 0. In Figure 4, the state responses
under x(0) =

2
5
3
4 0
T
, x^(0) =

0 0 0
T
, and w(t) = 0
are shown. Now, we consider the H1 performance of the
closed-loop system with the external disturbance given by
w(t) = e 0:05sin(0:4t) under zero initial condition. In Figure
5 and Figure 6, the curves of state response of the closed-loop
system and the ratio
pP
i=0 z
T (i)z(i)=
pP
i=0 w
T (i)w(i)
are plotted, respectively, from which we can see that the ratio
is obviously less than min = 0:2747, further implying the
effectiveness of the proposed method.
V. CONCLUSION
In this paper, the problem of membership-function-
dependent controller design for T-S fuzzy system is consid-
ered under piecewise-Lyapunov-function-based framework. By
employing the staircase functions, the continuous informa-
tion of original membership functions is approximated and
Time in Samples
0 10 20 30 40 50 60 70
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
√∑
κ
i=0 z
T (i)z(i)
√∑
κ
i=0 w
T (i)w(i)
Fig. 6. The response of ratio
qP
i=0 z
T (i)z(i)qP
i=0 w
T (i)w(i)
in Example 4.2
introduced into the stability analysis and controller synthe-
sis. Via piecewise Lyapunov functions, two approaches to
the piecewise-fuzzy state feedback controller and observer-
based output feedback controller design are proposed in terms
of linear matrix inequalities, which guarantee the closed-
loop system to be asymptotically stabile with a prescribed
H1 performance level. Simulation examples are presented to
demonstrate the effectiveness and advantages of the developed
methods. However, it should be noted that the controller
design for type-1 fuzzy-model-based systems are considered
in present work. As an extension, the interval type-2 T-S fuzzy
model, which effectively captures the system nonlinearities
and parameter uncertainties, has attracted plenty of research
interests in recent years. Thus, the problem of stability analysis
and controller synthesis for interval type-2 fuzzy system-
s deserves further investigation under piecewise-Lyapunov-
function-based framework.
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